Algebra

Expanding

(x+y)y =x+2xy+y* (x—y)y=x>—2xy+y’

Rearranging these we get the following results:

x2+y2=(x+y)2—2xy x2+y2=(x—y)2+2xy

(x-i-y)3 =x3+3xy(x+y)-i-y3 =9€3+3xzy+3xyz+y3

Rearranging this will get:
4y = +y)P = 3xy(x +y) = (x +y)* = 3x%y — 3xy?

(x—y) =2’ = 3axy(x —y)—y* =2’ = 3x’y + 3xy> =y’

Rearranging this will get:

x° —}’3 = (X —y)3 + 3xy(x —y) = (x —y)3 + 3x2y — 3»xy2
Logarithms
log,b =1 (sinceb=1b")
log,1 =0 (sincel = b°)

bloghx =x

If y=log,x then x=05b"

log,x" = alog,x

log,b™ = x (since xlog,b = x x 1)
log,, <%> = log,x — log,y

if b, x, y are positive real numbersand b # 1

_ log,x

log,x = Tog,a

if a, b, x are positive real numbersanda # land b # 1
1

log,a = Tog,b

where a and b are positive real numbersanda # 1, b # 1

If b, x, y are positive real numbers and b # 1 and
log,x = log,y, thenx =y

log,xy = log,x + log,y
if b, x, y are positive real numbers and b # 1

Quadratics

—bi\/b2—4ac

2a

If ax>+bx+c=0and a#0, x=
b? — 4ac is called the discriminant (A).

If A=b?—
If A=5b>—4ac > 0, The roots are real and unique.
If A=5b>—4ac <0, The roots are non-real.

4ac = 0, The roots are real and equal.

If a and B are the roots of ax’+bx+c=0,a#0
—b c
atfp=—q  of=7q
The quadratic equation with roots o and S is:

(x—a)x=pB)=0 sxt—(a+Bx+aB=0

Sum of
the roots

Product of
the roots

\
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Factoring

a—b>=(a+b)a—>b)
=0 =(a—-b)a*+ab+b?)

A+b3=(a+b)a*>—ab+b?
d"—b'=(a-b)a" " +ad" b+a" B+ - +b"7)
2n __ b2n — (an _ bn)(an+ bn)

Radical (Surd) Laws

1
ﬁ=a7 fora=0

S|—

5

=anr; a = (0 forpositive values of n.

m
=an

N
ﬁ
3

a = 0 for positive values of n.
1
’”\/’%/E = '”'K/E =qamn ; g = 0 forpositive values of nm.
1
"ab = \/5 X "/E =(ab)r; a,b >0 for positive values of n.

rg/E (arll

3>_; a,b = 0 forpositive values of n.

= a; for odd values of n.

S LS
SR w9

=|al; for evenvalues of .

Complex Numbers

i=y-1 i’=—1 J—a=iJa ; a=0
If a+bi=0 wherei=4y—1,thena=b=0
If a+bi=x+yi wherei=4—1,thena=xand b=y

(a+bi)+(c+di)=(a+c)+(b+d)i
(a+bi)—(c+di)=(a—c)+(b—d)i
(a+ bi)(c +di) = (ac — bd)+(ad + bc)i
(a+bi)a—bi)=a’+b

(ac +bd)+ (bc — ad)i
cr+d?

a+ bi
c+di

a+ bi _
c+di

la +bil=ya*+b*

c—di _
c—di

a+bi=a—bi

a—bi=a+bi
a+bila+bi)=|a+bil
1 _ a—bi :a—bi
a+bi ~ (a+bi)a—bi)  a*+b?

De Moivre’s Theorem:
[r(cos@ + isinB)]" = r*(cosnO + isinno)
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Algebra

Arithmetic Rules in Algebra

Commutative: a+b=b+a Associative:

axXb=bXa

Distributive: a(b+c¢)=ab+ ac
alb—c)=ab—ac

(a+b)+c=a+(b+c)
axX((bxc)=(axb)Xc

Arithmetic Operations in Algebra

_ a , c _ad+bc ad+ac _ a+b _a b
ab+ac=a(b+c) Lt > = =dtca#0 . Tt c#0
—ac=alb— a_c _ad—=bc ad—ac _ ;5 _ a=-b_a_b
ab—ac=a(b—c) i e , —d-ca#0 c T ¢#F0
()
Q;C=L=£XL=L a—>b —(b—a):b—a a. c _axc _ac a
b~ c b~ ¢ bc c—d  —(d—c) d-c b-d bxd bd (3)_£;£ Qxi ad
b __a _  c_ac b (g)_b'd b”c ™ b
as c_(g>_axb_ b ax?=a7 d
c
Inequalities
If a<b Ifa>b If a=b If a<b
DR ENE - = O R O = . N T B © = = N S B B B - © N N
a b b a b a a b
If a<b, then a+c<b+c and a—c<b—-c¢
+c¢ +c —c —c If a<b, and ¢ > 0 then: If a <b, and ¢ <0 then:
B T A I A A R «ac < bc -ac>l[;c
a b a b a b a
o—<— '*>*
aIc<bIc a—c<b-c ¢ ¢ ¢ ¢
Ifa<x<b fa<x<b fa<x=<b» fa<x=<b
J 1O+ 0111, 401+ 0111, 410+ 0O 111, 4 10O0++0@ 1 1 1,
a b X a b X a b X a b X
If x <<aorx>b fx<aorx>b If x<<aorx=b fx<aorx=b
JdH O 1O, O O, O 1@, O O,
a b X a b X a b X a b X
Absolute Value
a if a>0 la| = [~al la+b| < [al +|b] a
o = | & Faz0] ’ 4] > 1l g p) = |a] = 5]
a, it a lal =0 lab| = |a| x |b| 5]
Exponent Laws and their Variations
a"=axaxa..ntimes a'=a a’ =1, wherea €R, a # 0 a"xa"=a"a"=a"""
Ifa" =a" and a#+1, and a # 0, then m=n A g =" ifm >
Ifa” = b" and m# 0, then a ==+b  fmen
(am)n:amxn=amn (ab)”’=a’”><b’”=a’”b’” (%)m=% =an_m ifm<n, aeR, a#0
a_mzim,ayéo 71m=1+im:1xaT:am,a7é0 <L>
a4 a4 (@ymoar _da') L. L 1 bbby
m L\m 1 b b™" (L) a " bp"  a" 1 g" a
ai = (gn)" = (g™n =1/g" = (/q)" b
Sy 1 1 1 1 1 (a)i_ a'hW_(%)’”_(%)’”_(ﬁ)’”
a ‘n=—5 = = == =T b/ T BT n/pym T (nfp)m T\ n -\, L
T e Ve ) ARG O
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Calculus

Basic Differentiation

Basic Rules

Y y =f(x) di F(x) = fx)
Fx o+ ) pnnn QU Oy £ 5y) )
i e (ax) =a
§® 4 (=1
T R S 5 4 (=0
VA ot Alapl=a L)

Gradient of secant PQ is:

Sy _ fla+68x)—f(x)

ox Ox

When x = 0, PQ is a tangent to y = f(x)
f()—l f(x+65xx)_f(x)

Sxa

i n) _ n—1
dx (ax )— nax

(G = nl )T )

il

7(n+1) _

n+1
Differentiation of Trigonometric Functions

A (sinl () = £/ (x)cos[ £ (x)]

d ooy
ir (sinx) = cos x

. d N
—sin x i (cos[F(0)]) == f(x)sin[ £ (x)]

I (cosx) =

4 (an () = - F()sec (0]

d _ 2
Ir (tanx) = sec’x

% (sec[f(0)]) = f(x)sec[f(x)] tan[ £ (x)]

d _
I (secx) = secx tanx

% (cotx) = —cscx % (cot[ f(X)]) = —f'(x)esc? [ £(x)]

% (cscx) = —cscx cotx dix (esclf(x)]) =—f'(x)escl f(x)] cot[ £ (x)]

Inverse Trigonometric Functions Hyperbolic Functions

1

__n_

m%ren

More Differentiation Rules

i

» \

()£ () =f(@) £ g ()

Chain Rule

L 150N = (5(x)g (x)

Product Rule

If y=uv, where u = f(x)andv = g(x)
Q o ’
dx uv+uy

Quotient Rule

Ify= %, where u = f(x)andv = g(x)

dy _uv—u

dx V2

Reciprocal Rule
—f"(x)
[Ax)F

A7l
dx| f(x)
Absolute value

dx|x| | I x#0

Second Derivative
If f(x)=ax", f'(x)=anx"""
o/ @) =f"()=an(n—1)x""?

Exponential and Logarithmic Functions

dix(sin_lx) =z i Sinhx = cosh x dix[e"] =" dix(ef(")) = £ (x)e™

%(cosflx) =7 1—x2 %COth = sinh x %[a"] =a’lna ch [a”™] = a"lna £(x)

%(tan_lx) = 132 %tanhx = 1— tanh’x di[loge x] = Ir [ln(x)] = %, x>0

, d .

dix(sm_l [f(x)]) _ 1f[(;()x)]2 Ecschx = —coth x csch x %[logbx] _ ﬁ

d (s o —f ) 4 ech x = —tanh x sech x d | d £ (x)

delcos ) =i & Gelinlxll= g tnlr ) =5

i(t 4 )])_A icothx=1—coth2x J “ o 2(x) £(x)

i (™ Wb = d—(f(x)“)=f(x)“( )
(x)3" sy

C
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Trigonometry

Degrees and Radians

If 6 is an angle in degrees and a is the
same angle in radians:
180 T

e a=0x7gp

Odd or Even ldentities

Ob=ax—

sin(—6) = —sin(0) csc(—0) = —csc(0)

cos(—0) = cos(0) sec(—0) = sec()

tan(—0) = —tan(0) cot(—0) =—cot(0)
Quotient |dentities
_ sin6 __cosB
tan@ = c0s0 cotf = smG
Double Angle Identities
_ 2tan6
tan(20) = 71 — tan’0

sin(20) = 2sin6 cos O
_ 2tan6
"~ 1+tan’6
= (cosO +sin@) — 1

=1—(cos® —sin6)’

cos(20) = cos’0 —sin’0
=2cos’60—1
=1-2sin’6

_1 —tan’0
1 +tan’6

Product to Sum |ldentities

sinarsin B = 5 [cos(a — ) — cos(a + )]
cosatcos f = lcos(e — B)+ cos(a + B)]
sinarcos B = 5 [sin(cr — ) +sin(a + B)]
cosasinB = [sm(a + B) —sin(a — B)]

Complementary Angles (Degrees)
tan(90° — 0) = cotO
cot(90° — ) = tan®
sin(90° — 6) = cos O
csc(90° —6) = sech
cos(90° —6) = sinO
sec(90° —0) = cscO

Pythagorean Identities

sin’@ + cos’0 = 1
tan’6 + 1 = sec’6
1+ cot’6 = csc’

Triple Angles
sin(30) = 3sin® — 4sin’O
cos(36) = 4cos’0 — 3 cos6

3tan® — tan>0
1 —3tan’6

tan(30) =

Sum and Difference ldentities
tano £ tan
1 Ftanortan B

cotacotfF 1
cotf3 £ cota

tan(a + B) =
cot(a £ B) =

sin(o + B) = sinacos B + cos asin B

cos(a + B) = cosacos B F sinasin B

Sum and Difference to Product |dentities

sino+sin 8 = 2sin<a;ﬁ)cos<a;ﬂ>
sino—sinf = 2cos<a;ﬂ>sin(a;ﬁ>
coso + cos B = ZCOS(a;ﬁ>COS(a_ﬁ>

2

cos o — cos B =—2sin<a;ﬁ>sin<a;ﬂ>

Trigonometric Functions in terms of the other Ratios

J1—cos’0 sind
tanf=+——-——-=+ — seclO—1 =
tan 6 Vsec’6 — 1 1
sinf = + =+4y1—cos"0 ==+ =+ _
m Ji / 1+ cot’6 secO csch
2
0—1
cosf = 1 —sin“6 cotfd _ 1 __ + Vesc?0 -1
t g —E e = = o
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s1n( 7~ 9) = cos6

cos( - 9) =sin6

tan(6 + 7zn) = tan O

sin(6 + 27tn) = sin®

an & e

i~

Complementary Angles (Radians)

tan(——e)— cot® cot % )— tan @
cs c(%—G)—secG
sec(%—G)z cscH

Periodic Identities

If nis an integer

cot(6 + 7tn) = cotO

csc(@+27n) = cscO

cos (0 + 27tn) = cos 6 sec(6 +27n) = secO

Half Angle Identities

ain(8) =+ [T=2050

or

sin’0 = %(1 — c0s20)

cos(%)zi /1+§os9

or

cos’0 = %(1 + cos 20)

6\ _, /1—cos6
tan(z)—i 1+ cos6
1—cos6

sin @

__ sin6
~ 1+ cos6

or

1 —cos26

2n
tan”0 = 1+ cos 26

Further Tangent Identities

—tan@

tan(45°—0) = 71+tan9

1+tan6

tan(45° +9>_7tan9

T, _ 1—tan6

tan<4 6>_ 1+tan®

¥ _ 1+tan6

tan( 7 +6) =17 (51
ST
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Trigonometric Ratios

0<a<90°

_a _b — b __1 _a
0<pB<90° tano =70 tanf=-, CoLr =g = ¢ OB tanf3 ~ b Sing
| tan@ = c0s6
b sina=-"- sinff=" oSCO=grha~a <P sin ~ b
b a c 1 c cotd = smg
—I cosa =" cosﬁ=? SCCA="cosar ~ b secf = cosB  a
a
Unit Circle and Signs in Quadrants Exact Ratios
qe —> ——
Oé\‘\\le Yy A//fa,. tan60° = /3 tan30° = %
.\o")Q 1 O&o tan45° =1
& 5 ;

N (x, ) "%2 30 2 sin60° = @ sin30° = % 1145° /2 ina5e— 1
£ Sin ==
S Vo, ® V3 : V2
I b \» cos60" = 1 cos3pr=¥3 A3 450 =L
(- X x4 60° 2 2 ! AG)
A
> 2 1
% : |

2 S L - L= L _

/‘/é{} 'O(OQ h tan 3 \/§ tan 6 ,\/5 tan 4 1
S0 -1 & 6 J2
Os,; 0 o _ V3 .m_ 1 L1
live _, . CO° /3 2 siny =5 sinfe =5 sin‘ 72
Yy . Yy X [ | 1
tan® =-=- sin@ == cosf=F=x n_ 1
x =7 1 % cos%=% cos%=§ 1 cos7y J2
cotf = cscG=l sece=l
y y X 1

Sine Law for Triangles

— il
a b ¢ oc—sm(b

c
sina sinf  siny ) bsin
B= sm_l< s;na) = s1n_1( B Y)
Area = éab siny = 1 acsmﬁ 1 bc sina sin 3
y = sin_l<csma> = sm_1<c zn >
Cosine Law for Triangles Tongent Law for Triangles
2, 2 2 1, _
a*=b*+c*—2bccosa a=cos_l<b+2cTa> a—b _ tan[z(a 'B)]
a+b 1
2 2_.2 tan[?(a + ﬂ)] _ tan[l(a - }/)]
) 2 _ afa“+b"—c a—c _ 2
c"=a"+b"—2abcosy vy =cos <72ab > | PR 1
2 2 2 b—c tan[j(ﬂ B Y)] tan[j(a * Y)]
2_ 2, 2 _ —1fa +c =b =
b*=a"+c”—2accosf = cos (—2ac ) b+c tan[%(ﬂ n Y)]
Mollweide's Rule Degrees and Radians
[a—ﬂ] . [a—ﬁ] If 6 is an angle in degrees and a is the same angle in radians:
a+b=COs 2 a—b _ "2 180
¢ . [Y c Y O=ax—— =0X 5~
sm[i] cos [E] s 180
-
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